Abstract The present paper focuses on the analysis of thermophoretic hydromagnetic slip flow over a permeable flat plate with convective surface heat flux at the boundary and temperature dependent fluid properties in the presence of non-uniform heat source/sink. The transverse magnetic field is assumed to be a function of the distance from the origin. Also it is assumed that the liquid viscosity and the thermal conductivity vary as an inverse function and a linear function of temperature, respectively. The shooting method is employed to yield the numerical solutions for the model. Results show that the thermal boundary layer thickness reduces with increase of surface convection parameter whereas reverse effect occurs for viscosity parameter. It is also observed that the thermophoretic parameter decreases the concentration distribution across the boundary layer. 
Introduction
Recently, research on aerosol particles deposition has become more and more important for engineering applications. The factors that influence particle deposition include convection, inertial impaction, sedimentation, Brownian diffusion, thermophoresis, electrophoresis, etc. Thermophoresis is an important mechanism of micro-particle transport due to a temperature gradient in the surrounding medium and has found numerous applications, especially in the field of aerosol technology. When a temperature gradient exists in the field surrounding a small particle, a net force is exerted on the particle due to an imbalance of the forces associated with molecular collisions from the hotter and colder region. Due to thermophoresis, small micron sized particles are deposited on cold surfaces. In this process, the repulsion of particles from hot objects also takes place and a particle-free layer is observed around hot bodies (see Goldsmith and May [1] ). This phenomenon has many practical applications in removing small particles from gas particle trajectories, from combustion devices, and studying the particulate material deposition turbine blades. Thermophoretic deposition of radioactive particles is considered to be one of the important factors causing accidents in nuclear reactors. Many studies were reported considering the effect of thermophoresis on the boundary layer [2] [3] [4] [5] [6] [7] [8] . Partha [9] investigated suction/injection effects on thermophoresis particle deposition in a non-Darcy porous medium. The effects of thermophoresis and radiation on laminar flow were studied by Bakier and Gorla [10] . A recent paper by Postelnicu [11] dealt with the effects of thermophoretic particle deposition on the natural convection flow over an inclined porous media.
The magnetohydrodynamic (MHD) boundary layer flow for an electrically conducting fluid in porous medium is of considerable interest in geothermal engineering, energy conservation, modern metallurgical processes, underground disposal of nuclear waste materials and many others. Thermophoresis is also a key mechanism of study in semi-conductor technology especially controlled high quality wafer production as well as MHD energy generation system operations. Since various industrial heat transfer processes involved both the hydromagnetic flows and thermophoresis such as in MHD energy systems, many numerical studies [12] [13] [14] [15] on magnetohydrodynamic heat and mass transfer have been reported with buoyancy, Joule heating effects and heat source/sink parameters. Recently, the effects of thermophoresis and internal heat generation/absorption on MHD heat and mass transfer flow over an inclined radiate permeable surface were examined by Noor et al. [16] . All of these studies, however, considered constant fluid properties and no-slip at the boundary. In certain situations, the assumption of no-slip boundary condition does no longer apply. When fluid flows in micro electro mechanical system (MEMS), the no slip condition at the solid-fluid interface is no longer applicable. Slip flow happens if the characteristic size of the flow system is small or the flow pressure is very low. A partial slip may occur on a stationary and moving boundary when the fluid is particulate such as emulsions, suspensions, foams, and polymer solutions. On the other hand most of the MHD applications in microfluidics are in the liquid fields. Thus considering MHD liquid slip flow has promising potential in numerous practical applications such as MHD micro pumps which are a non-mechanical pump. The slip flows under different flow configurations have been studied in recent years [17] [18] [19] [20] [21] . Recently, Das [22] have considered the slip effects on heat and mass transfer in MHD micropolar fluid flow over an inclined plate with thermal radiation and chemical reaction.
All of these studies, however, considered constant thermophysical properties such as constant viscosity and thermal conductivity. But, it is well known [23] [24] [25] [26] [27] [28] that these physical properties may change with temperature, especially fluid viscosity, thermal conductivity, etc. For lubricating fluids, heat generated by internal friction and the corresponding rise in the temperature affects the physical properties of the fluid and so the properties of the fluid are no longer assumed to be constant. The increase in temperature leads to increase in the transport phenomena by reducing the physical properties across the thermal boundary layer and so the heat transfer at the wall is also affected. Therefore to predict the flow and heat transfer rates, it is necessary to take into account the variable fluid properties. Zueco et al. [29] discussed the effect of thermophoresis particle deposition and of the thermal conductivity in a porous plate with dissipative heat and mass transfer. Recently, Das [30] investigated the impact of thermal radiation on MHD slip flow over a flat plate with variable fluid properties.
To our best knowledge, study on MHD heat and mass transfer slip flow over a radiate permeable surface with thermophoretic particle deposition and variable liquid properties has never been considered till date. Therefore, in this paper, the previous work of Das [30] is extended to include the thermophoretic parameters for both suction and injection. The present objective is to investigate the effects of variable fluid properties with thermophoretic particle deposition for both suction and injection cases.
Formulation of the problem

Governing equations and boundary conditions
Consider a two dimensional steady laminar flow of an incompressible electrically conducting liquid over a radiating permeable flat plate in the presence of a transverse magnetic fieldB (see Fig. 1 ). The magnetic Reynolds number of the flow is taken to be small enough so that induced magnetic field is assumed to be negligible in comparison with applied magnetic field. ThusB ¼ ½0; BðxÞ, where BðxÞ is the applied magnetic field acting normal to the plate and varies in strength as a function of x. The flow is assumed to be in the x-direction which is taken along the plate and y-axis is normal to it. Suction or injection is imposed on the permeable plate. The viscosity and thermal conductivity of the liquid are assumed to be functions of temperature. The presence of non-uniform heat source/sink and thermophoresis is considered to study the variation of heat transfer and concentration deposition on the flat surface. The pressure gradient, body forces, viscous dissipation and Joule heating effects are neglected in comparison with the effect of heat source/sink. The temperature of the plate surface is held uniform at T w which is higher than the ambient temperature T 1 . The species concentration at the surface is maintained uniform at C w while the ambient liquid concentration is assumed to be C 1 .
Under the boundary layer approximations, the conservation equations for the flow regime can be shown to take the following form: (see Ref. [27, 30] )
where u; v are velocity components along x; y-axis respectively, U 1 is the free stream velocity, r is the electrical conductivity of the liquid, T is the temperature of the liquid within the boundary layer, j is the thermal conductivity of the liquid, c p is the specific heat at constant pressure p; l is the dynamic viscosity, q is the constant liquid density, r Ã is the Stefan-Boltzmann constant and k Ã is the mean absorption coefficient, C is the concentration of the liquid within the boundary layer and D is the molecular diffusivity of the species concentration. The thermophoretic velocity V T can be written as (see Ref. Talbot et al. [3] )
where T r is a reference temperature and k is the thermophoretic coefficient which ranges in value from 0.2 to 1.2 as indicated by Batchelor and Shen [4] and is defined from the theory of Talbot et al. [3] by
where C 1 ; C 2 ; C 3 ; C m ; C s ; C t are constant, k g and k p are the thermal conductivities of the liquid and diffused particles, respectively, and Kn is the Knudsen number. The thermophoretic parameter s can be defined as (see Ref.
Goren [2] ) 
where l 1 is the dynamic viscosity at ambient temperature and v is the thermal property of liquid. Eq. (8) can be written as follows:
where a ¼
are constant and their values depend on the reference state and the thermal property of the liquid. Following Chiam [23] and Savvas et al. [33] , we consider the specific model for variable thermal conductivity as
where j 1 is the thermal conductivity at ambient temperature, DT ¼ T w À T 1 and e is a thermophysical constant dependent on the liquid ( < 0 for lubrication oils, hydromagnetic working liquids and > 0 for water) The non-uniform heat source/sink q 000 is given by (see Ref. Das [30] , Abo-Eldahab and EI-Aziz [32] )
where Q and Q Ã are the coefficients of space and temperature dependent heat source/sink terms respectively and b 0 is the thermal property of liquid. The case Q > 0; Q Ã > 0 corresponds to internal heat generation while Q < 0; Q Ã < 0 corresponds to internal heat absorption.
The appropriate boundary conditions for the present problem are where V 0 is the transpiration velocity at the wall. For mass injection into the boundary layer (blowing), V 0 < 0; for mass removal from the boundary layer (suction), V 0 > 0. h w is the convective heat transfer coefficient and u s is the slip velocity which is assumed to be proportional to the local wall shear stress as follows:
where l is slip length as a proportional constant of the velocity slip. To obtain solutions in the slip-flow domain, liquid velocity and thermal conditions must be specified at the boundaries. In liquids, however, the molecules are densely packed and a mean free path is not a meaningful quantity. For liquids, therefore, l is defined as the inter action length. It is to be mentioned that temperature jump condition due to slip flow is neglected in the present study.
Similarity transformation
Let us introduce the following dimensionless variables which will convert the partial differential equations from two independent variables ðx; yÞ to a system of coupled, non-linear ordinary differential equations in a single variable (g):
where wðx; yÞ is the stream function that satisfies the continuity Eq. (1) with
where f is non-dimensional stream function and prime denotes differentiation with respect to g and v 1 ¼ l 1 =q is the kinematic viscosity of the ambient liquid.
The dimensionless temperature h can also be written as
where h r ¼ T r À T 1 =ðT w À T 1 Þ ¼ À1=dðT w À T 1 Þ and its value is determined by the viscosity/temperature characteristics of the liquid under consideration and the operating temperature difference. If h r is large i.e., if T w À T 1 is small, the effects of variable viscosity on the flow can be neglected. On the other hand, for smaller values of h r , either the liquid viscosity changes markedly with temperature or the operating temperature difference is high. It is important to note that h r is negative for liquids. Using (16), Eq. (9) becomes
This viscosity model is very much appropriate for the present study than other models such as the Reynolds and Vogel's viscosity models because it is valid for wider range of temperatures. The relation (10) can also be written as
where e is the thermal conductivity variation parameter. The equations of motion are thereby reduced from Eqs. (2)-(4) to the following dimensionless similarity form:
q is the magnetic field parameter,
q is the thermal property of fluid and Sc ¼ m=D m is the Schmidt number.
The corresponding boundary conditions (12) become
q is the surface convection parameter,
q is the slip parameter and f w ¼ 2V 0 ffiffiffiffiffiffiffiffiffi ffi
is the suction/injection parameter. The momentum Eq. (19) and energy Eq. (20) to have a similarity solution, the magnetic field parameter M, surface convection parameter f, slip parameter d and the suction/ injection parameter f w must be a constant. Therefore, if we assume the applied magnetic field BðxÞ, convective heat transfer coefficient h w , thermal property of liquid b 0 and transpiration velocity V 0 are proportional to x À1=2 (see Ref.
Alam et al. [13] , Aziz [21] and Helmy [34] ), then M; f; b and f w will be independent of x. We therefore assume that
where B 0 ; c 1 ; c 2 and c 3 are constants. For liquid flows the slip parameter d can be written as
where the local Knudsen number, Kn x;L based on slip length L and local Reynolds number Re x are defined as
It should be noted that as slip parameter d is a function of x so for liquid flow with slip over flat plate does not possess selfsimilar solutions. However, since the approach preserves the mass and momentum conservation, it is still valid for the flow dynamics within the boundary layer (see Ref. Fang and Lee [17] , Fang et al. [18] ). So for fixed values of d the solution of (19) subject to the boundary conditions (22) would be locally similar. Thus locally similarity approach implied that the non-dimensional quantity d is determined for any values of x and the upstream history of the flow will be ignored, except as far as it influences the similarity variable.
Because both viscosity and thermal conductivity vary across the boundary layer, the Prandtl number also varies. Following Rahman [27] , the Prandtl number is defined as
With the use of (28), the non-dimensional energy Eq. (20) can be expressed as
The quantities of main physical interest of the present study are the Nusselt number (rate of heat transfer) and the Sherwood number (rate of mass transfer). The equation defining the rate of heat transfer q w , is given by
Thus the rate of heat transfer in terms of the dimensionless Nusselt number is defined as follows:
Similarly, the rate of mass transfer in terms of local Sherwood number is given by
Method of solution
The set of Eqs. (19) , (21) and (29) is highly non-linear and coupled and therefore the system cannot be solved analytically. Therefore they are solved in the symbolic computation software MATHEMATICA using shooting technique. It would be impractical to solve the system for even a very large finite interval. So, effort has been made to solve a sequence of problems posed on increasingly larger intervals to verify the solution's consistent behavior as the boundary approaches to 1. The plot of each successive solution has been superimposed over those of previous solutions so that they can easily be compared for consistency. For numerical computation infinity condition has been taken at a large but finite value of g where no considerable variation in temperature, concentration, etc. occurs.
Testing of the code
In the absence of mass transfer, the results obtained in this work are more generalized form of Rahman [27] and so can be taken as a limiting case by taking Nr ! 0; Q; Q Ã ! 0. Also the present results are in excellent agreement with the results of Das [30] in the absence of mass transfer. To check the validity of the present code, the values of Àh 0 ð0Þ have been calculated for h r ! 1 and for different values of the surface convection parameter f and Prandtl number Pr using MATH-EMATICA in Table 1 . The result obtained herein is in good agreement with those of Rahman [27] and Das [30] for 
Numerical results and discussions
In order to gain physical insight of the problem, the numerical results for temperature and concentration have been presented graphically in Figs. 2-13 and in Tables 1-3 Fig. 2 demonstrates the effects of surface convection parameter fon liquid temperature in the boundary layer region in the presence of suction as well as injection. It is observed from the figure that temperature hðgÞ decreases on increasing f in the boundary layer region and is maximum at the surface of the plate in both the cases of suction and injection. Thus the thermal boundary layer thickness decreases with the increase of f. The solution approaches to the solution for constant surface temperature for large values of f i.e. f ! 1. From the boundary condition (22) , it can be seen that hð0Þ ¼ 1 as f ! 1. These results support the numerical results obtained in the present problem. It is worth mentioning that the parameter f is more influential in the case of injection in contrast with suction. These results are in good agreement with the results obtained by Rahman [27] and Das [30] in the absence of suction/injection. Fig. 3 shows that the liquid temperature is the maximum near the boundary layer region and it decreases on increasing boundary layer coordinate g to approach free stream value for both suction (f w ¼ 0:5) and injection (f w ¼ À0:5). Also it is observed that the liquid temperature decreases on increasing slip parameter d in the boundary layer region in case of suction and, as a consequence, thickness of the thermal boundary layer decreases. But the effect is opposite for injection. Further, it is evident that the effect of slip parameter d when f w ¼ À0:5 seems to be more pronouncing compared to f w ¼ 0:5 in increasing the thermal boundary layer thickness. The effect of thermal conductivity parameter e on temperature distribution is shown in Fig. 4 for both suction and injection. The effect of increasing e from zero (constant thermal conductivity of fluid) to 0.3 induces a significant drop in the temperature in the flow domain when suction parameter f w ¼ 0:5 and hence there would be a decrease in the thermal boundary layer thickness. The influence of conductivity parameter e on temperature distribution is totally opposite when injection parameter f w ¼ À0:5. But the combined effect of thermal conductivity parameter and injection on temperature distribution is prominent from the figure. Liquid temperature is therefore maximized with larger values of e in the case of injection. All profiles decay smoothly from maximum values at the wall to zero in the free stream (edge of the boundary layer).
The influence of viscosity parameter h r on temperature distribution is highlighted in Fig. 5 . It is seen that temperature profiles rise with the increase of absolute value of h r when h r is negative in the presence of suction as well as injection and hence, there would be an increase in the thermal boundary layer thickness. The figures also project that the thermal boundary layer thickness is more in the case of injection than in the case of suction. These observations show good agreement with the results obtained by Rahman [27] in the absence of suction/injection. The impact of magnetic field parameter M on the temperature profiles is presented in Fig. 6 for both suction and injection. It can easily be seen from the figure that the temperature decreases as the boundary layer coordinate g increases for a fixed value of M. For a non-zero fixed value of g, temperature distribution across the boundary layer decreases with the increasing values of M for suction and hence the thickness of thermal boundary layer decreases. But in case of injection, liquid temperature increases with the increase in the magnetic field parameter M at all points of the flow field near the boundary surface, i.e., for g < 2:5 (not precisely determined) whereas, the reverse effect occurs for g > 2:5 (not precisely determined). For both suction and injection, surface temperature of the plate can be controlled by controlling the strength of the applied magnetic field. Fig. 7 illustrates the variation of the concentration distribution across the boundary layer for various values of the thermophoretic parameter s for both suction and injection. It is seen that the effect of increasing values of the thermophoretic parameter results in decreasing concentration distribution across the boundary layer. This is true in both suction as well as injection, but the concentration distribution is weakly dependent on the thermophoresis for g < 1 (not precisely determined) in the case of injection. It is worth mentioning that the concentration boundary layer thickness is more in the case of injection than in the case of suction. Fig. 8 draws out the effect of the Schmidt number Sc on the variation of concentration profiles for the suction case f w ¼ 0:5 as well as for the injection case f w ¼ À0:5. Species diffusion (concentration) is found to increase with an increase in Sc, i.e., it is maximized for the highest value of Sc. This is true in both suction as well as injection. Therefore, concentration boundary layer thickness will also be maximized by the highest value of Sc in the case of suction and injection. All profiles descend monotonically from one at the wall to zero in the free stream.
It is observed from Fig. 9 that the concentration profiles decrease with increasing suction parameter f w but the effect is opposite for injection. Also the concentration boundary layer thickness is more in the case of injection than in the case of suction. Fig. 10 depicts chemical species concentration profiles against g for various values of slip parameter d. It is seen that concentration of the liquid decreases dramatically with an increase of the slip parameter throughout the domain (i.e. 0 < g < 1) for both the cases of suction and injection. But the effect is prominent for suction. Increasing slip parameter adds to the velocity slip on the wall. As a result, it decreases the concentration in the boundary layer region. Fig. 11 shows the influence of thermal conductivity parameter e on the dimensionless concentration function /. An increase in e causes a distinct fall in the concentration profiles for both suction (f w ¼ 0:5) and injection (f w ¼ À0:5). The case ¼ 0 corresponds to the constant conductivity of the fluid. It is also found that concentration distribution in the boundary layer region is higher for the case of a constant conductivity than for the variable conductivity, which is true for both cases of f w > 0 and f w < 0. All profiles decay to the free stream value of zero as g ! 1. It is worthy to be noted that thermal conductivity parameter has a pronounced effect on species concentration for f w > 0.
The variation of concentration profiles for different values of magnetic field parameter M for both suction and injection at the boundary are presented in Fig. 12 . It is noticeable that concentration profiles within the boundary layer decreases with an increase of applied magnetic field. This behavior is due to the growing effect of the Lorentz force in the flow regime.
In Fig. 13 , we have studied the detail effects of h r < 0 on the concentration fields considering suction and injection. For h r < 0 concentration boundary layer thickness decreases with the increase of jh r j for both the cases of suction and injection. But it is worth mentioning that the distribution of concentration is more effective in the case of injection than in the case of suction. The decrease in thickness of the concentration layer is caused by the dual effects; (i) the direct action of suction/ injection, and (ii) the indirect action of suction/injection causing a thicker thermal boundary layer, which corresponds to lower temperature gradient, a consequent increase in the thermophoretic force and higher concentration gradient.
The influence of the surface convection parameter f, slip parameter d, magnetic field parameter M, thermophoretic parameter s, variable viscosity parameter h r , thermal conductivity parameter e, Schmidt number Sc in the presence of suction and injection on the dimensionless Nusselt number Nu Ã and Sherwood number Sh Ã can be seen in Tables 2 and 3 . From the table it is observed that Nu Ã increases with increasing f when f w ¼ 0:5 but the effect is opposite f w ¼ À0:5. As thermophoretic parameter s increases, rate of mass transfer decreases for both the cases of suction and injection. It is evident from the tables that the slip parameter enhances both the Nusselt number and the Sherwood number for suction (f w ¼ 0:5) as well as injection (f w ¼ À0:5). This phenomenon is true even in the presence of thermal radiation and non-uniform heat source/sink. It is interesting to note that the rate of heat and mass transfer increases with the increase in the strength of applied magnetic field in the presence of suction/injection. One may note that the value of Nu Ã is negative for some values of material parameters. This means heat flows from the liquid to the flat surface. The Schmidt number Sc tends to raise the Sherwood number by increasing concentration gradient on the wall. The reason for this trend is that the concentration boundary layer becomes thin for large Schmidt numbers. As thermal conductivity parameter e increases, both Nusselt number and Sherwood number get reduced for both suction (f w ¼ 0:5) and injection (f w ¼ À0:5). The impact of variable viscosity parameter h r on Nu Ã and Sh Ã is presented in Table 3 . It is observed from this table that variable viscosity parameter enhances the dimensionless Nusselt number and Sherwood number for suction (f w ¼ 0:5) whereas the effect is fluctuating in nature for injection (f w ¼ À0:5). From Tables 2 and 3 , it is perceived that the rate of mass transfer is more in the case of suction than in the case of injection, whereas the reverse effect occurs for the rate of heat transfer.
Conclusions
This paper studies the effects of thermophoretic particle deposition on steady two dimensional MHD boundary layer flow of an incompressible electrically conducting liquid over a permeable flat plate with partial slip at the surface of the boundary and convective surface heat flux in the presence of suction or injection with variable liquid properties. Following conclusion can be drawn from the present investigation:
The influences of thermophoresis, slip velocity and variable liquid properties can act simultaneously and their interactions must be considered for the accurate prediction of heat and mass transfer rate and other effects.
The thermal boundary layer for injection is more dominant in comparison with that for suction. Temperature in the boundary layer is strongly increased with slip parameter, variable viscosity parameter, magnetic field parameter and thermal conductivity parameter in the case of suction while the opposite effect is observed in the case of injection. Thermal boundary layer thickness reduces with increase of surface convection parameter for both suction as well as injection.
The species concentration decreases with increase of thermophoretic parameter, slip parameter, thermal conductivity parameter, variable viscosity parameter and suction parameter but reverse behavior occurs for Schmidt number and injection parameter. Thermophoretic particle deposition increases the rate of mass transfer on the wall. The impact of suction/injection on the boundary layer growth is significant due to the decrease in the thickness of the thermal and concentration boundary layer.
